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Summary We present a stability analysis of a pipe flow with particle suspension. Particles are considered solid, spherical, heavy with an
unique size and density. The particles are, in our physical model, modelled as a continuous phase and for the fluid-particles interactions
only the Stokes drag is taken into account, the other forces being neglected. We first use a linear stability analysis to study the influence of
the addition of particles to the global stability of the flow. Single phase pipe flows have been proven to be globally stable for any Reynolds
number, we find that this is also the case for particulate pipe flows. The effect of particles varies with the concentration and the size of the
particles, but it remains relatively weak. Then a nonlinear transient growth analysis allows us to look for the optimal perturbation triggering
turbulence and the effects of particles.

Pipe flow is a classical problem in fluid dynamics. The simplicity of geometry and relevance to industry and engineering has
made it one of the main research topic in fluid dynamics. Thus a lot of knowledge has been accumulated, yet research is
mostly focused on single phase flows. The characteristics of laminar and turbulents flows and the conditions for the transitions
from one to the other has been a major source of interest for decades because of the wide range of applications. Today the
transition for single phase shear flows is relatively well understood and little is known for flows having differents phases, and
the focus on this topic has risen recently in the scientific community.
One of the major difficulty in simulating a particulate laden flow is the modeling of particles. The representation of a high
number of discrete entities and accompanying boundary layers is very expensive and limits the possibilities. In order to
circumvent the problem, instead of modeling particles as discrete entities, we parametrize them with continuous variables,
much like the fluid. A similar model is used in [Klinkenberg et al., 2011] for a study of channel flows. Because it requires
a lot less computational power than a realistic description of particles, this model is not as constrained as the complete
description of particle. The drawback is that this representation is not always physically realistic. For small particles and low
volumic concentration the model should give a good approximation but it is supposed to break if those parameters increase
too much. The system of equations for our model is :
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With u and up the velocity fields for the fluid and particles, p the pressure, ρ the density of the fluid and ν its viscosity. N is
the concentration of particles and m the mass of one particle, so mN represents the mass of the particles per unit volume. K
is the Stokes drag defined such as K = 6π r ρ ν with r the radius of a particle.

We used in a first time a linear stability analysis to study the influence of the addition of particles to the global stability
of the flow. The equations for the perturbation leads to a modified Orr-Sommerfeld problem. Linear stability analysis have
been carried out extensively for single phase pipe flows. It is well known that the pipe flow is linearly stable to very high
Reynolds numbers and it is theorised that pipe flows are always linearly stable. We find the same result for particle laden pipe
flows, but the addition of particles does affect the temporal growthrate of the perturbation, effect which varies linearly with the
particle concentration. While the increase of the effect with the particle concentration is consistent with our model, it is likely
that the linearity is due to the physical model and the absence of nonlinear effects rather than to physical effects. The impact
on the flow also depends on the particle size as seen in the figure below. Is represented the normalised growthrate (particles
have a stabilising effect on the flow if is superior to 1, destsabilising otherwise). against SR, a nondimensional Stokes number
proportional to the square of the particle radius for several Reynolds number and a mass concentration of 10% :
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Figure 1: Evolution of the energy (f=0.1, α = 1)

In the limit of very small particles, the particles behave as passive tracers only affect the linear stability by modifying the
global density of the flow. In the limit of larges particles, the fluid and particles velocities are decoupled (the Stokes drag is
converging towards 0) so the particles do not affect the growthrate of the perturbation. This last property is the opposite of
what is physically expected and illustrates the limit of our model. Intermediate sized particles have a stabilising effect on the
flow with a peak so we have a “optimal” particle size for a given set of Reynolds number Re and perturbation wavelength
α. The amplitude of the effect is also inversely proportional to the Reynolds number. The optimal value follows a simple
heuristic formula, expressed here in terms of a Stokes number SR :

SRpeak(Re, α) ≈
1.85√
Reα

(1)

Then a nonlinear transient growth analysis is done to obtain further results. The method for nonlinear transient growth in
our work has been defined in [Pringle and Kerswell, 2010]. Our code is a modified version of the DNS code for pipe flows
created by Dr Willis ( [Willis, 2015] ). It can be used in two different ways, either a perturbation is given, and the program
looks at how it evolves with time, or for a given time T it find the optimal perturbation, producing the maximal growth at
that time. The analysis is still ongoing, but first results seems to indicate stronger effects than in the linear model. For initial
perturbations with a small energy (less than 1% of the mean flow) and stable cases the addition of particles still do not make an
important difference. Whereas for unstable cases, when transition happens, the general behaviour is similar but the difference
in energy between single phase and particle laden flows are more important. Thus we expect particles to play a role in the
transition in the boundary cases.
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