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Abstract: In this paper, we study experimentally the dynamical properties of a low-
Rm MHD turbulent flow. The flow, which features simultaneously 2D and 3D scales is
analyzed in scale space, giving us information on its structure without leaving real space.
We show that the dynamical quantities (i.e. the energy spectra, and energy transfers)
evaluated in planes perpendicular to the magnetic field seem to follow the scaling put
forward by [1]: l⊥/h = N−1/2. This scaling law governs the topological dimensionality of
a turbulent structure of width l⊥ evolving in a channel of height h, N representing the
interaction parameter of the structure.
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1. Introduction Turbulence displays radically opposite dynamics whether it is
three-dimensional (3D) or two-dimensionnal (2D). Indeed, the former is characterized by
a direct energy cascade where energy transits from the injection scale down to the small
dissipative scales, while the latter features an inverse energy cascade characterized by
energy transfers going from the injection scale up to the large scales of the flow. Higher
order statistics of velocity increments exhibit different behaviors in both cases too. It is
however unclear what kind of dynamics take place in a flow featuring at the same time
2D and 3D scales.

2. Experimental apparatus This question is tackled experimentally thanks to
a rig designed to electrically drive a turbulent flow in a closed cubic container [2]. It
consists of a frame of inner length L = 100mm closed by electrically insulating side
plates. Measuring devices are embedded flush within each one of these plates in order
to either drive the flow (current injection electrodes) or analyze its properties (potential
probes and ultrasound transducers). The experiment is setup inside the 450mm bore of
a superconducting magnet, which applies a vertical magnetic field B0~ez of up to 4T. The
container is filled with Gallinstan, an eutectic alloy of gallium, indium and tin, which is
liquid at room temperature, and characterized by a density ρ = 6400kg/m3, a kinematic
viscosity ν = 4 × 10−7m2/s and an electrical conductivity σ = 3.4 × 106S/m. Electrical
current is injected by means of a 10 x 10 square array of electrodes, alternately connected
to the positive and negative poles of a DC power supply. The injection electrodes are
located on the bottom plate, and are uniformly separated by a distance li = 10mm from
each other. 100 uniformly spaced potential probes mesh a 30mm × 30mm square area
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located on the bottom plate with a spatial resolution ∆x = 2.5mm. These probes give
access to the field of electric potential at the plate’s surface, from which can be deduced
the velocity field. Finally, a vertical row of ultrasound transducers give horizontal velocity
profiles at different heights along the magnetic field.
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Figure 1: Sketch of the experimental setup

3. Theoretical background The experiments take advantage of the low-Rm
MHD framework, which is particularly suited in this case. Indeed, one of the main features
of low-Rm MHD is the diffusion of momentum by the Lorentz force along the magnetic
field, which tends to bring the flow towards a 2D state [1]. The flow is therefore expected to
feature an inverse energy cascade. In the inertial range, this process is balanced by inertia,
whose effect is to redistribute energy in scale space by means of non linear interactions
between structures. Considering a turbulent structure aligned with the magnetic field and
characterized by its width l⊥ and velocity u⊥, the overall height of the structure lz results
from the balance between the two aforementioned effects according to lz = l⊥N

1/2(l⊥)
[1]. Where N(l⊥) = σB2

0 l⊥/ρu is the interaction parameter of the structure. Assuming
this structure evolves in a bounded domain of height h, a cutoff size lc⊥ must exist for the
structure to span across the whole channel and be 2D. Namely: lc⊥/h = N−1/2 [1].

4. Results The structure of the turbulence is analyzed by looking at the statistics
of the two-point velocity increments δ~u⊥(~r⊥) = ~u⊥(~x + ~r⊥) − ~u⊥(~x), which are based on
the turbulent fluctuations and evaluated in planes perpendicular to the magnetic field at
point ~x. The velocity increment δ~u⊥(~r⊥) can be physically interpreted as the velocity of
a structure of width r⊥ aligned with the magnetic field. The turbulence is homogeneous
at the center of the container, meaning that the statistics do not depend on ~x.

Figure 2 shows the probability density function of several velocity increments for
B0 = 2T , computed at the top and bottom of the channel. According to figure 2, the
PDF’s corresponding to the large scales (r⊥ > 10mm) follow a Gaussian distribution, both
at the bottom and top of the channel, while the PDF’s of the smaller scales (r⊥ < 5mm)
depart from this Gaussian behavior.
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Figure 2: Probability density functions associated to scales perpendicular to the magnetic field
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Figure 3: (a): second order structure function; (b): third order structure function.

We now look at the moments of the aforementioned PDF’s, and how they are im-
pacted by the magnitude of the magnetic field. Figure 3 displays the second and third
order structure functions of the horizontal velocity increments defined by E(r⊥) = 〈δ~u2⊥〉
and Π⊥(r⊥) = ∇⊥ ·〈δ~u2⊥δ~u⊥〉 respectively. The quantities in figure 3 were measured at the
top of the container, i.e. the furthest away from the electric forcing. Figure 3.(a) high-
lights the diffusion of momentum by the Lorentz along the magnetic field. Indeed, as the
magnetic field becomes stronger (i.e. as the diffusion process becomes quicker compared to
inertia), more and more turbulent kinetic energy can be found on the top plate. However,
all scales do not follow the same dynamics as evidenced by 3.(b). The quantity Π⊥(r⊥)
can be interpreted as the amount of horizontal kinetic energy transiting through the struc-
tures of size r⊥ aligned with the magnetic field. More specifically, Π⊥(r⊥) < 0 means that
the energy is passed down from the structure of size r⊥ to scales which are smaller (i.e.
following a direct cascade), while Π⊥(r⊥) > 0 means that the energy contained at scale
r⊥ transits towards larger scales (i.e. following an inverse cascade). According to figure
3.(b), there clearly exists a cutoff length scale lc at which the the dynamics shift from
one cascade to the other. This length-scale was evaluated experimentally, and the cutoff
vortex aspect ratio lcexp/h was built upon it and reported in figure 4. This figure shows
that the prediction for the topology of a given scale made by [1] seems to also hold for
its dynamics. In other words, the emergence of inverse energy transfers coincides with a
structure becoming topologically 2D. When it occurs, the relevant physical mechanisms
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at play are the Lorentz force diffusion effect and the non linear energy transfers.
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Figure 4: Cutoff length-scale as a function of N
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