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Abstract

A new agent-based model which explains the relationship between research-

group quality and quantity is described. Statistical analyses of RAE results allow

measurement, for the first time, of critical masses in research. For the mathematical

sciences, these are rather low in comparison with other disciplines, the smallest

critical masses being for pure mathematics. A snapshot of the relative health of

research-group structure in pure and applied mathematics as well as in statistics

and operational research in the UK is given. A cautionary note against the usage

of one-size-fits-all minimimum group sizes for quality-related funding is issued as

this could have a devastating effect in the mathematical sciences. A caution is

also issued regarding the absence normalisation of peer-review measures of research

quality across disciplines as this has significant consequences for fair allocations of

funding.

Although the notion of critical mass in research has been around for a long time,
it has lacked proper definition. This is remarkable, since the notion is frequently, and
increasingly, used by policy makers and managers in academia. Critical mass in this sense
has been loosely described as some kind of minimum, threshold group size above which
there is a stepwise increase in research quality. The extended notion that benefit accrues
through increasing scale lies behind calls for greater concentrations of resources into a
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small number of research institutions. There have also been calls for future quality-related
funding to be restricted to research groups greater in size than some minimum cut-off.
However until now, no evidence for such a threshold has been found and critical masses
have never been measured. What does critical mass mean for the mathematical sciences?
How healthy are these research disciplines in the UK? And what are the implications of
the above calls for concentration?

A new mathematical model has been developed which explains how research quality
depends on research-group structure1 and in particular on size [1, 2]. This model treats
research groups as complex systems, in which interactions between individuals play crucial
roles. It predicts that there are, in fact, two critical masses in research, the values of which
are discipline dependent. The model shows that, as per the Matthew effect of cumulative
advantage, research quality is, on average, linearly dependent on group size, but only
up to a limit termed the “upper critical mass” and denoted Nc. Beyond this limit, the
dependency of quality on quantity reduces significantly, a phenomenon similar to the
Ringelmann effect in sociology. The upper critical mass is interpreted as the average
maximum number of colleagues with whom a given individual in a research group can
meaningfully interact. Once the group exceeds this size, it tends to fragment into sub-
groups and research quality no longer improves significantly with increasing size.

There is also a “lower critical mass”, denoted Nk, which more closely corresponds to
the traditional notion, although it is not a threshold. This is the minimum size a group
or research department should achieve for it to be viable in the long term. The model has
been tested through statistical analyses of the Research Assessment Exercise (RAE) 2008
and critical masses for a multitude of academic disciplines have been calculated, including
for the mathematical sciences [2]. Importantly, the critical masses are discipline dependent
and are relatively low for solitary research disciplines and higher for collaborative ones.
Indeed, for pure mathematics, where publications are frequently single-authored, the lower
critical mass is less than or about 2 while for medical sciences it can be about 20. The
upper critical masses are about twice these values.

The model thus refines the notion of critical mass and refutes the notion of a stepwise
dependency of quality on quantity. Moreover, the Ringelmann phenomenon puts paid to
the notion of a never-ending increase of quality with concentration. Classifying teams
smaller than the lower critical mass as “small”, teams bigger than the upper critical
mass as “large”, and those in between as “medium”, the model further predicts that to
maximise overall research strength in a given discipline support for medium teams should
be prioritised to help them attain the upper critical mass. On the other hand, small teams
should strive to achieve lower-criticality. These are important findings for policy makers
and managers in the run-up to the Research Excellence Framework (REF).

At RAE 2008, quality measurements took the form of a profile, with research classi-
fied as 4*, 3*, 2*, 1* or unclassified. The post-RAE funding formulas reward research
as a function of these proportions. Such formulas can be used to a a basis for contin-

1The statistical analysis presented here is based on groups in the sense of RAE. This means the

collection of staff included in a submission to one of the Units of Assessment. RAE groups are not

always identical to universities’ administrative departments, but we assume that they represent coherent

collectives for research purposes.
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Figure 1: Quality analysis of RAE results for applied mathematics. (a) RAE quality
scores for alphabetically listed universities. (b) The same data plotted against the sizes
of research groups submitted. The solid curve is the fit coming from the model described
in [1, 2] and the dashed curves are the corresponding 95% confidence intervals.

uous measurements of research quality. Moreover, Since RAE involved separate Units
of Assessment for pure mathematics, applied mathematics and statistics & operational
research (OR), this provides a unique opportunity to examine these disciplines in detail.
At REF all of these will be amalgamated into a single mathematical sciences sub-panel.

Fig.1(a), contains a plot of the quality scores for institutes which submitted in the
applied maths Unit of Assessment, arranged alphabetically from Bath on the left to York
on the right. While the theoretical maximum quality value is 100 (corresponding to all
research being classified as 4*), no group achieved such a score, with the maximum being
about half this value. The solid line represents the average quality of the 45 research
groups and a naive interpretation is that those lying above this line are performing well
while those below it are underperforming. Indeed, Fig.1(a) forms the basis on which
institutions are ranked post RAE. Such rankings are of enormous importance for uni-
versities’ publicity and marketing teams as they are eagerly scrutinised by students and
other potential clients.

However, the naive interpretation based on Fig.1(a) is fundamentally flawed: it does
not compare like with like because it does not take size into account. The importance
of quantity is conveyed in Fig.1(b), where quality scores are plotted against the size of
research groups. The correlation between quality and quantity is obvious. The data are
well described by a linear fit up to the upper critical mass of Nc = 13± 2, beyond which
the dependency of quality on quantity reduces. The fit (also plotted) represents a kind of
local average or expected quality value for groups of given size. The bunching of the data
clearly illustrates the superiority of the model over the traditional view and the standard
deviation associated with Fig.1(b) is about half that associated with Fig.1(a).

Figs.2(a) and 2(b) contain analogous quality-quantity plots for statistics/OR and for
pure mathematics, respectively. For statistics/OR, the upper critical mass is determined
to be Nc = 18 ± 6. No breakpoint is visible in the pure mathematics plot, and data are
best fitted by a single line. Since the slope of this line is comparable to that describing
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Figure 2: Quality as a function of quantity for (a) statistics and OR and (b) pure math-
ematics. (In (a), the circle represents a joint submission which, as an outlier, has been
omitted from the fit.)

Table 1: The state of UK research in the mathematical sciences given by proportions of
groups classified as small, medium and large, and the percentage of researchers in such
small, medium and large groups. E.g., 18% of the 45 applied maths groups at RAE 2008
were small and these contained 4% of the 850 applied maths researchers.

Discipline Lower Upper Number of Proportion of groups which are
critical critical groups
mass mass (and of small medium large
Nk Nc researchers)

(and proportion of researchers
they contain)

Pure maths <
∼ 2 <

∼ 4 37 (685) 0% (0%) 0% (0%) 100% (100%)
Applied maths 6 13 45 (850) 18% (4%) 20% (10%) 62% (86%)
Statistics/OR 9 18 30 (389) 27% (11%) 53% (50%) 20% (39%)

large applied maths groups (Fig.1(b)), we may interpret this as indicating that the upper
critical mass is smaller than the smallest group submitted to RAE 2008, so that Nc

<
∼ 4

for pure mathematics.
The values of the lower and upper critical masses Nk ≈ Nc/2 are listed in the table.

To give a snapshot of the status of mathematical sciences in the UK at RAE 2008, the
proportions of groups which are categorised as small, medium and large are also listed,
together with the numbers of researchers in such groups. All pure mathematics groups are
classified as large. However, only 20% or statistics/OR groups may be considered large
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and these contain 39% of the UK’s researchers, indicating a rather less healthy state of
affairs. Applied maths resides in between, and with 86% of researchers having maximal
amounts of communication links, also appears in good condition.

In December 2010, the London Mathematical Society released a briefing paper on UK
government funding for mathematical sciences research [3]. They stated that since all
UK funding councils “depend heavily on the quality profile, disciplines whose panels were
more generous in their interpretation of the [quality] definitions are favoured. That there
was some inconsistency in grading even seems to have been noted officially. For example,
the minutes of the final meeting of Panel F (29 Oct 2008) state that it was agreed:
That whereas the average overall profiles for the four sub-panels were comparable, the
average proportion of 4* in the final profiles over those institutions which submitted to
three or four of the sub-panels was notably higher for sub-panel F23 [computer science
& informatics] than for the other three [mathematical sciences] sub-panels.” This means
that at RAE 2008, the computer sciences sub-panel was less stringent than those for pure
mathematics, applied mathematics, statistics and operational research.

Further evidence for this variation in stringency is contained in [4]. Indeed the absence
of a method to normalise peer-evaluation measures of research quality across disciplines
is seen as a conspicuous flaw of evaluation exercises such as the RAE and calls have been
made to find a remedy. The model discussed above forms the basis of such a remedy and
a simple, systematic solution is proposed in [4]. According to this remedy, the computer
science results at RAE would have to be reduced by as much as a quarter to render them
comparable to the level of stringency of the applied maths sub-panel. In other words,
the variations in degrees of stringency at RAE has resulted in the mathematical sciences
being significantly underfunded in comparison to computer sciences. For the health of
the discipline in the UK, it is crucial that the same mistake is not made at REF.

To summarise, critical masses have been measured for a number of different academic
disciplines, including for the mathematical sciences. An important result is that these
critical masses are discipline dependent; They are small for theoretical disciplines and
significantly larger for experimental ones. A pure mathematics group of four or five may
be considered large, while a similar number of medical scientists would probably not be
viable. Healthy research groups are those who have sufficient researchers to foster intra-
group discussions and interactions. In the mathematical sciences, this need not involve
huge numbers of researchers and a snapshot of the relative health of pure and applied
mathematics as well as statistics and operational research in the UK has been given. Pure
and applied mathematics are healthy, statistics and OR less so.

Some campaign groups have recently suggested limiting quality-related funding to
research units that reach a threshold number of researchers. A minimum number of 8, 10
or even 16 researchers has been mooted. In the light of the results presented here, this
would have severely damaging effects on some mathematical sciences groups, especially
in pure mathematics where big groups are not necessary for top-quality research. It
is important that the mathematical sciences community resist the imposition of such
arbitrary one-size-fits-all measures. It is also important that REF account for varying
degrees of stringency in different disciplines, to counter over-generous self-evaluation of
some quarters.

5



References

[1] R. Kenna and B. Berche (2010) The extensive nature of group quality. EPL, 90 58002.

[2] R. Kenna and B. Berche (2011) Critical mass and the dependency of research quality
on group size. Scientometrics , 86 527540.

[3] The London Mathematical Society (2010) UK government funding for mathe-

matical sciences research: A briefing paper of the London Mathematical Society .
〈 http://www.lms.ac.uk/content/policy-consultations 〉, last accessed April 2011.

[4] R. Kenna and B. Berche (2011) Normalization of peer-evaluation measures of group
research quality across academic disciplines. To appear in Research Evaluation;
arXiv/1006.3863.

6


